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Abstract
The present work provides a profound analytical and numerical analysis of
the material properties of SFRC on the mesoscale as well as the resulting cor-
relation structure taking into account the probabilistic characteristics of the
fiber geometry. This is done by calculating the engineering constants using
the analytical framework given by Tandon and Weng as well as Halpin and
Tsai. The input parameters like fiber length, diameter and orientation are
chosen with respect to their probability density function. It is shown, that
they are significantly influenced by the fiber length, the fiber orientation and
the fiber volume fraction. The verification of the analytically obtained values
is done on a numerical basis. Therefore, a two-dimensional microstructure is
generated and transferred to a numerical model. The advantage of this pro-
cedure is, that there are several fibers with different geometrical properties
placed in a preset area. The results of the numerical analysis meet the ana-
lytically obtained conclusions. Furthermore, the results of the numerical sim-
ulations are independent of the assumption of a plane strain and plane stress
state, respectively. Finally, the correlation structure of the elasticity tensor is
investigated. Not only the symmetry properties of the elasticity tensor char-
acterize the correlation structure, but also the overall transversely-isotropic
material behavior is confirmed. In contrast to the influencing parameters,
the correlation functions vary for a plane strain and a plane stress state.
Keywords: Short fiber-reinforced composites, Correlation analysis, Moving
window
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1. Introduction
Short fiber-reinforced composites (SFRC) are widely used in the auto-
motive and aeronautical industry. One main advantage is the suitability
of thermoplastic-based compounds for an automated serial production like
mold injection, which allows high production rates with reasonable prices
per piece. However, due to the finite fiber length and varying flow velocities
and directions during the injection processes, the components show spatially
distributed mechanical properties. Due to this the corresponding numerical
simulation of the components is challenging and expensive. For an adequate
material description, representative material properties need to be estab-
lished.
From an analytic perspective in contrast to continuous fiber-reinforced
composites, the local effects on stress and strain states due to microscopic
inclusions must be taken into account. One approach for an analytic de-
scription of the resulting mechanical properties of SFRC is based on the
mean-field theory in combination with Eshelby’s work [1]. Mori and Tanaka
[2] and later Tandon and Weng [3] expanded this. As a second approach
self-consistent models are introduced. One very common representation of
this group was developed by Halpin and Tsai [4, 5]. A detailed overview
of the analytic modeling is given in [6]. It is concluded that the approach
by Tandon and Weng shows the best results for the prediction of the elastic
properties. This is also confirmed in [7]. However, as these material models
are based on homogeneous material they are not capable of representing the
spatial dependence of the material properties.
There are various analyses of the influencing parameters based on ana-
lytical material models. In [7] it is shown that for example the spatial fiber
distribution must be taken into account. The effect of the fiber orientation
on an analytical basis is given in [8]. Finally, in [9] a comprehensive analysis
including not only the fiber orientation and fiber distribution but also the
aspect ratio of the fiber is taken into account. However, these studies don’t
include the probability properties of the fiber characteristics.
Following the analytical analyses of the influencing parameters, the re-
sulting fluctuation of the fiber volume fraction and fiber orientation should
be added to numerical models of SFRC. To represent the spatial fiber dis-
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tribution the fiber itself must be added to the model. However, as the fiber
length is very small compared to component dimensions a multi-scale ap-
proach is required for numerical modeling. One possibility here is the use of
second-order random fields, that represent spatial varying information on the
mesoscale [10] and therefore, allow the modeling of inhomogeneous material
properties [11]. For example in [12] this technique is used to simulate nu-
merically the continuous mode conversion of Lamb waves in fiber reinforced
composite structures, which is induced by the random distribution of the
fibers on the microscale.
Other approaches for the numerical modeling of SFRC are based on the
representative volume element (RVE). For example, in [13] the suitability of
randomly generated characteristic volume elements using XFEM is analyzed
to capture the local material response in concrete. XFEM is also used in [14]
in combination with a cohesive zone model. In [15] micro-mechanical model-
ing of randomly oriented fiber polymer composites is presented. Furthermore,
an overview of studies deriving a micromechanical model for randomly ori-
entated fibers is given. The suitability of the orientation tensor is discussed
in [16, 17].
The main goal of this research is to evaluate profoundly the microstruc-
tural properties of SFRC with respect to the probabilistic characteristic on
both an analytical as well as on a numerical basis. These properties can later
be used to generate second-order random fields for an adequate representa-
tion of the material properties on the component level. In a first step the
analytic models of SFRC are used to analyze the influence of the main ma-
terial characteristics like fiber length, fiber orientation, fiber diameter, and
fiber volume fraction on the elasticity properties. Therefore, each charac-
teristic is separately varied following its known probability density functions
(PDF) and the elasticity parameters are calculated. Afterward, the results of
all analytically obtained material properties are compared with each other to
identify the characteristics influencing the material properties most. This an-
alytic analysis is extended to two-dimensional numerical simulations, which
is based on a predefined area containing randomly placed reinforcing fibers.
The analytically obtained results are used to verify the numerical model by
comparing the calculated engineering constants and elasticity coefficients.
For investigating the influence of the main characteristics again each char-
acteristic is analyzed separately. Besides this, an additional simulation is
carried out where all parameters are considered as varying. The simula-
tions are performed under boundary conditions of Neumann and Dirichlet
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type, which allows to obtain an upper (Voigt) and a lower (Reuss) bound.
From these analyses, the influence of the main material characteristics on the
elasticity properties for SFRC are derived. Based on these results further nu-
merical simulations are carried out. Now the main focus lies on the spatial
dependence of the material properties. This behavior can be expressed by
correlation functions. Therefore, the moving window method is used to ob-
tain the correlation nature of the elasticity properties. A first analysis of
the correlation analysis of the elasticity parameters is done in [18]. However,
that analysis is limited to a checkerboard pattern and therefore, does not
include effects based on the varying geometrical properties of the reinforcing
fibers as well as their orientation. Therefore, in this study this approach is
extended to randomly placed fibers in a predefined area.
The structure of the paper is as follows. Section 2 gives an overview of the
theoretical background for multi-scale modeling of fiber-reinforced compos-
ites. This includes the determination of effective material properties as well
as the framework of correlated second-order random fields. This is followed
by a profound analysis of the microstructure in Section 3, which includes first
an overview of probabilistic properties of the main geometrical characteris-
tics of SFRC followed by the description of the microstructure generation
and the corresponding numerical model. Furthermore, the influence of the
geometrical characteristics and their probabilistic nature on the mechanical
properties is presented. In Section 4 the verification of the analytical results
by numerical simulations is presented. Moreover, the numerical simulation is
used to investigate the correlation structure of the elasticity tensor. Finally,
Section 5 gives a summary and conclusion of the presented work.
2. Theoretical Framework
In this section a brief overview of the main theoretical framework used in
this study is given, which covers the multi-scale modeling based on the prin-
ciple of separation of scales. Regarding this approach definitions of boundary
conditions are presented, that are used to determine the effective material
properties of SFRC on the mesoscale. Next is a short summary of the analyt-
ical modeling of SFRC and the resulting elasticity coefficients. Finally, this
section is concluded by a short introduction of second-order random fields
that can be used to represent the spatial fluctuation of fiber properties on
the mesoscale.
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2.1. Numerical multi-scale modeling
2.1.1. RVE
SFRC consists of two different components, namely the matrix material
and randomly distributed embedded fibers. On this microscopic scale, rein-
forced materials are therefore heterogeneous. This contradicts the traditional
continuum mechanics approach, which is based on homogeneous material
properties independent of the volume size. Therefore, suitable techniques
for the representation of microstructural inhomogeneities are necessary. One
technique here is the homogenization, which takes heterogeneous properties
from the microstructure into account. The goal is to define a RVE, for which
the heterogeneous material properties can be replaced by homogeneous ef-
fective material properties. For the edge length d of a RVE
l ≤ d ≤ L (1)
holds. Here, l is the size of an inclusion and therefore, is assigned to the mi-
croscale, whereas L represents the dimension of the macroscale [19]. This ap-
proach is also known as separation of scales. It states that on the macroscale
the size d can be seen as a material point, however with respect to the size
of the inclusion d must contain statistically representative information about
the microstructure [20].
A well known definition of RVE can be found in [21]. Accordingly, the
dimensions of a RVE must be selected in such a way that the resulting effec-
tive material properties are independent of the boundary conditions. If the
used scale is smaller than the corresponding RVE, the boundary conditions
as well as the microstructure and the contrast of the different phases must
be taken into account [22, 23]. In this case one speaks of a statistical vol-
ume element (SVE) [24]. The corresponding material properties are called
apparent overall properties [25, 26].
2.1.2. Effective material properties
The homogeneous effective material properties of a RVE can be written
as
〈σ〉 = Ceff : 〈〉 (2)
and
〈〉 = Seff : 〈σ〉 (3)
5
respectively. Here, the strains  and stress σ provide information about the
microscale, whereas 〈·〉 indicates the volume average, which is defined as
〈·〉 = 1
V
∫
V
· dV, (4)
and therefore, represent the whole RVE. This integral relation leads to the
fact, that Eqs. (2) and (3) can not be inverted. Furthermore, Ceff describes
the effective elasticity tensor, whereas Seff is the effective compliance tensor.
For the determination of these effective material properties the Hill’s con-
dition is essential [27]. It states, that the conservation of energy for the scale
transition can be written as
〈σ : 〉 = 〈σ〉 : 〈〉. (5)
The corresponding boundary conditions for the determination of the effective
material properties must therefore, satisfy Eq. (5). Beside others there are
two boundary condition formulations that can be used for the determination
of the effective material properties. Following the average strain theorem
based on linear elastic material behavior as well as the average stress theorem
[20] these boundary conditions can be written as
u = 0 · x (6)
and
t = t0 · x. (7)
Here Eq. (6) gives the pure displacement boundary condition, where 0 is
a constant macroscopic strain. In contrast to this, Eq. (7) gives the pure
traction boundary condition, with t0 being a constant macroscopic stress.
As both boundary conditions are defined on the complete surface of the
RVE, Eq. (6) is a boundary condition of Dirichlet type and Eq. (7) gives a
boundary condition of Neumann type.
Considering a SVE on the mesoscale, the structure response depends on
the boundary conditions as well as the contrast of the material components.
The size of the SVE is usually described by the dimensionless parameter δ,
that is given by
δ =
d
l
. (8)
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With respect to fiber-reinforced composites the contrast is given by
α =
Ef
Em
, (9)
where Ef represents the Young’s modulus of the fiber and Em of the matrix
material, respectively. It can be shown that the application of the presented
boundary conditions on the mesoscale does not lead to identical elasticity
tensors. In accordance with upper and lower bounds of effective material
properties by Voigt [28] and Reuss [29] pure displacement boundary condi-
tions lead to a stiffer response than the application of pure traction boundary
conditions. As shown by [30] the experimentally obtained effective material
properties lay between these two bounds. Therefore,
〈Stδ〉−1 ≤ Ceffδ ≤ 〈Cuδ 〉 (10)
holds [20, 27, 31]. The index δ indicates the scale dependence, whereas u and
t represent the displacement and traction boundary conditions, respectively.
2.2. Analytical modeling of SFRC
2.2.1. Mean field theory approach
The first analytic approach for the homogenization of a microstructure
was presented by Voigt [28] and Reuss [29] who introduced an upper and
lower bound for the effective material properties. Voigt formulated these
material properties based on a constant strain field, whereas Reuss used a
uniform stress field. These approaches belongs to the mean-field theory.
Many approaches that are recently used in this context are based on
the work of Eshelby, who analyzed the influence of an elliptic inclusion [1].
This initial work was then used by Mori and Tanaka. They extended the
original work adding influencing effects if more than one inclusion is added
to the material [2]. Based on this framework, Tandon and Weng derived
explicit formulations for the elastic constants. However, the formulation of
the Poisson’s ratios are coupled and therefore, needs to be determined by
an iterative procedure. This was solved by Tucker and Liang [6], who found
a decoupled formulation, which is also used in this study. The complete
framework of the material parameter determination by Tandon and Weng is
given in [3, 6].
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2.2.2. Self-consistent method
A second approach for the formulation of the engineering constants for
heterogeneous material is based on the self-consistent method by Hill [32].
One well-known material model in this context is given by Halpin and Tsai,
who developed a semi-empiric material model for SFRC [4, 5]. Due to the
simple implementation, this material model is widely in use [33]. In contrast
to the material model by Tandon and Weng, only the Young’s Modulus E1
is formulated as a function of the fiber geometry. All other engineering con-
stants remain constant for a variation of the fiber length and fiber diameter.
Besides this, the fiber volume fraction influences all engineering constants.
Detailed information about the determination of the engineering constants
is provided in [4, 6].
2.2.3. Elasticity tensor for transversely-isotropic material behavior
There are many different possibilities to define a coordinate system in
the context of fiber-reinforced materials. Commonly used is a so-called local
or lamina coordinate system. Here, the first axis coincide with the fiber
direction, whereas the second and third axes are perpendicular to the fiber
direction. The first and second axes are in-plane with the lamina and the
third axis points into the lamina thickness direction.
Based on this local coordinate system definition the elasticity tensor of
transversely-isotropic material is given by
C =

C11 C12 C13 0 0 0
C12 C22 C23 0 0 0
C13 C23 C33 0 0 0
0 0 0 1
2
(C22 − C23) 0 0
0 0 0 0 C66 0
0 0 0 0 0 C66
 . (11)
It consists of five independent coefficients, that can be calculated by five
independent engineering constants E1, E2, G12, ν12, and ν23. Instead of
ν23 the out-of-plane shear modulus G23 can be used as well. Using these
engineering constants the reduced elasticity coefficients for a plane stress
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state can be obtained by [34]
C11 =
E1
(1− ν21ν12) , (12)
C12 =
ν21E1
(1− ν21ν12) =
ν12E2
(1− ν21ν12) , (13)
C22 =
E2
(1− ν21ν12) , (14)
C66 = G12. (15)
For the plane strain state the framework is more complex as the material
parameters characterizing the properties in thickness direction are involved,
too. The elasticity coefficients are calculated by [35]
C11 =
(1− ν223)E1
(1 + ν23)(1− ν23 − 2ν12ν21) , (16)
C12 =
ν21E1
(1− ν23 − 2ν12ν21) , (17)
C22 =
(1− ν12ν21)E2
(1 + ν23)(1− ν23 − 2ν12ν21) , (18)
C66 = G12. (19)
The influence of a varying fiber orientation is introduced by a transfor-
mation from the local to a global coordinate system. This can be written in
matrix form as
C′ = TCTT (20)
with the transformation matrix for a elasticity matrix reduced to a two-
dimensional case
T =
 cos2 θ sin2 θ 2 cos θ sin θsin2 θ cos2 θ −2 cos θ sin θ
− cos θ sin θ cos θ sin θ cos2 θ − sin2 θ
 , (21)
where the angle between the local and global coordinate system is given by θ.
To analyze the influence of the fiber orientation on the engineering constants
these parameters need to be extracted from the elasticity tensor defined in the
global coordinate system. In case of a plane strain state this is not possible
without a further assumption as there are only four independent equations
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containing five engineering constants. Due to the two dimensional modeling
the material properties in thickness direction may be assumed constant and
not affected by the fiber orientation.
2.3. Correlated second-order random fields
Random variables Z can be used to describe quantities whose values
are determined by a random experiment, which is subject to the rules of
probability theory. A realization of the random variable Z is given by z. If a
random variable is furthermore, assigned to spatial coordinates, one speaks
of a random field Z(x). In the context of the continuum mechanics and for
the synthesis of such random fields by using the Karhunen-Loe`ve expansion,
it is necessary that the variance of the random field as well as the random
variable is finite. In this case the following definition for a realization ω holds
Z(x) = Z(ω,x) ∈ L2(Ω;R) (22)
and one speaks of second-order random fields and second-order random vari-
ables, respectively [36]. Their main properties are briefly presented below.
Random variables are characterized by two functions. First the probabil-
ity of Z ≤ z is expressed by the cumulative distribution function
P (Z ≤ z) = FZ(z) = F (z). (23)
The second characteristic function is the first derivative of the cumulative
distribution function called probability density function
f(z) =
dF (z)
d z
. (24)
A well-known function here is the Gaussian bell curve, which represents a
normal distribution.
Like random variables, random fields are characterized by a cumulative
probability distribution and probability density function as well. Further-
more, both random variables and random fields are characterized by mo-
ments of probability distribution [37, 38]. In general the n-th moment of a
single random variable Z is defined as
E[Zn] =
∫ ∞
−∞
znfZ(z) d z. (25)
10
Based on this definition the first moment, also called expected value, is given
by
E[Z] = µZ =
∫ ∞
−∞
zfZ(z) d z. (26)
The second moment of a random variable is known as the mean-square of
Z. In addition to moments of the probability distribution so called central
moments can be formulated considering the expected value. By using the sec-
ond central moment the deviation of the values with respect to the expected
values can be measured, which is also known as the variance. Reformulating
Eq. (25) leads first to the general definition of central moments
E[(Z − µZ)n] =
∫ ∞
−∞
(z − µZ)nfZ(z) d z (27)
and therefore,
E[(Z − µZ)2] =
∫ ∞
−∞
z2fZ(z) d z − µ2z (28)
holds for the variance of the random variable Z. In addition, the standard
deviation is often used, which can be derived from the variance by
σZ =
√
Var(Z). (29)
The definitions provided in Eqs. (25) to (29) can be easily transferred to
random fields by replacing Z with Z(x). Therefore, in general the expected
value as well as the variance are functions of the spatial coordinates x. How-
ever, in case of a homogeneous random field both the expected value and the
variance become constants [38].
The observation of a random field at different locations xi is described by
the corresponding random variables Z = Zi. In this case the relation between
these random variables is expressed by the covariance, which is defined for
two random variables Z1 and Z2 as
Cov(X1, X2) = E[(X1 − µ1)(X2 − µ2)] (30)
= E[X1X2]− µ1µ2. (31)
Usually this expression is reduced to a dimensionless parameter. Therefore,
Eq. (31) is divided by σ1 and σ2, which leads to
ρ(X1, X2) =
Cov(X1, X2)
σ1σ2
. (32)
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Here ρ(X1, X2) is the dimensionless correlation parameter. If the two random
variables Z1 and Z2 are part of the same random field Z(x), Eqs. (31) and
(32) give the auto-covariance and auto-correlation, respectively. In case they
belong to two different random fields Y (x) and Z(x) the results of Eqs. (31)
and (32) are the cross-covariance and cross-correlation, respectively.
Usually the probability density function is unknown and hence, the ran-
dom field is represented by a discrete number realizations ωi [39]. In this
case the mean of the discrete values
Z(x) =
1
N
N∑
i=1
Z(ωi,x) (33)
can be used as expected value of the random field. In addition the variance
is rewritten as
s2(x) = Z(x)2 − Z(x)2. (34)
Finally the dimensionless correlation coefficient for two random variables Z1
and Z2 is given by
ρ(X1, X2) =
[Z1 − Z1][[Z2 − Z2]
s1s2
. (35)
3. Analytical analysis
In this section, the influence of geometrical fiber properties, as well as fiber
volume fraction and fiber orientation on the engineering constants and the
elasticity coefficients of the material, is analyzed analytically using the mate-
rial models by Tandon and Weng as well as Halpin and Tsai. The goal is to
identify those parameters that influence the material properties significantly
and therefore, must be taken into account when analyzing the microstruc-
tural effect on the overall mechanical behavior of SFRC on a numerical basis.
First, the material properties and their probabilistic characteristics are pre-
sented. This is followed by a detailed description of the analytical analysis
procedure. At the end of this section, those parameters are identified that
influence the mechanical properties of SFRC significantly.
3.1. Material properties and their probabilistic characteristics
All presented analyses are based on a polybutylene terephthalate (PBT)
matrix reinforced with glass fibers. The engineering constants and densities
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E [GPa] ν [−] ρ [kg m−3]
Glass 70 0.22 2500
PBT 2.6 0.41 1300
Table 1: Material properties of PBT and Glass fibers.
for these two components are given in Table 1. For SFRC the amount of
reinforcing fibers is usually expressed by the fiber mass fraction ϕm. How-
ever, within the analytical framework of material properties the fiber volume
fraction ϕ is used. Between these two parameters the following relation holds
ϕm =
ρfϕ
ρfϕ+ ρm(1− ϕ) . (36)
In this study an overall fiber mass fraction of ϕm = 30% is assumed, which
equals a fiber volume fraction of ϕ = 18.22%.
For the investigation of the influence of SFRC characteristics like fiber
length, fiber orientation, fiber diameter, and fiber volume fraction their prob-
abilistic properties must be known. For the analytical as well as the consec-
utive numerical analysis in Section 4 the probability distributions of these
characteristics are taken from [40]. Like the material used in this study,
the probability density functions are based on a SFRC consisting of a ther-
moplastic material reinforced with glass fibers and a fiber mass fraction of
ϕm = 30%. The characteristics are determined for tensile test specimens
made by mold injection.
The probability density function of the fiber length l is usually approx-
imated by a two-parameter Weibull distribution, that can be written as
[41, 42]
f(l|a, b) = b
a
(
l
a
)b−1
exp
(
− l
a
)b
. (37)
For the chosen material the Weibull parameter a and b are set to
a = 292 b = 1.96. (38)
The corresponding mean of the fiber length is l¯ = 260 µm. In contrast to
the fiber length, the fiber diameter d shows a normal distribution. The
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corresponding probability density function reads
f(d) =
1
σ
√
2pi
exp
[
−1
2
(
d− µ
σ
)2]
(39)
with a mean value µ = 10.9 µm and a standard deviation σ = 0.9 µm. The
main reason why these two parameters show different probabilistic charac-
teristics lays in the production process. While the fiber diameter is mostly
influenced by the production process of the fiber itself the fiber length is not
only affected by the fiber production but also by the mold injection process
[40].
The fiber orientation is described by an elliptic probability density func-
tion [40]. Therefore,
f(θ) =
h2√
1− h21−h22
h21
cos2(θ)
(40)
holds. Here, h1 and h2 are the semi-minor and semi-major axis, respectively.
The semi axes ratio for this probability density function measured by µCT
is 22.1.
Based on these probability density functions the distribution of the three
main characteristics, fiber length, fiber diameter, and fiber orientation are
obtained. Figure 1 gives an overview of the presented probability density
functions.
The spatial distribution of the fiber volume fraction depends strongly
on the window size and is therefore, not described by a probability density
function [43].
3.2. Procedure
For the analytic analysis, the influence of the geometrical fiber properties
on the engineering constants and elasticity coefficients is investigated based
on the material model by Tandon and Weng, which fits experimentally ob-
tained values best [6, 7]. As a second approach the material model by Halpin
and Tsai is used. This material model is commonly used due to the simple
implementation process [33]. Both material models provide equations for
the engineering constants of SFRC as a function of the fiber length, fiber
diameter and the fiber volume fraction.
14
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Figure 1: Probability density functions.
The influence of the different geometrical fiber properties on the elasticity
coefficients is analyzed separately on an analytical basis. Therefore, the
engineering constants are calculated based on the mean values given for the
fiber length and fiber diameter. The chosen fiber volume fraction equals a
fiber mass fraction of 30%. In addition one of these parameters is varied.
This is done by generating 1e6 values of the varying parameter following the
probability density function. For each value first the engineering constants
using the material model of Tandon and Weng are calculated. Based on the
material model by Halpin and Tsai only the varying Young’s Modulus E1 is
considered. The remaining engineering constants are independent of the fiber
geometry. Based on these engineering constants the elasticity coefficients are
calculated assuming a plane stress state and hence, using Eqs. (12) to (15).
A determination of the fiber orientation influence can only be made in-
directly by first determining the elasticity tensor based on the engineering
constants for the local coordinate system. This elasticity tensor can then be
related to a fiber orientation by a coordinate transformation using Eq. (20).
By calculating the effective material properties based on the resulting elas-
ticity tensor referring to a global coordinate system, it is finally possible to
determine the engineering constants concerning a varying fiber orientation.
All presented analyses consider a two-dimensional representation under plane
stress assumption. However, analytical analyses based on a plane strain state
show similar results.
As there is no probability density function describing the fiber volume
fraction, the resulting values are plotted for the range of 10% to 30%. This
fits the results of an analysis for a spatial fiber volume fraction fluctuation
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E1 [GPa] E2 [GPa] G12 [GPa] G23 [GPa] ν12 [−]
Tandon-Weng 12.4 3.99 1.31 1.26 0.379
Halpin-Tsai 11.2 4.12 1.30 1.25 0.375
Deviation 1.2 0.13 0.01 0.01 0.004
Table 2: Results of the engineering constants for Tandon-Weng and Halpin-Tsai.
based on the moving window method presented in [43].
3.3. Results
First of all Table 2 gives the engineering constants calculated for both
material models using the mean values for the fiber length of 260 µm and for
the fiber diameter of 10.9 µm. The fiber mass fraction is set to 30% and the
fibers are assumed to be all aligned in the 0◦ direction. The values of the
shear moduli and Poisson ratios are almost identically, whereas the Young’s
moduli show a deviation of up to 8%. This meets the results presented in
[6].
As an example, Figure 2 shows the results of the engineering constants
based on the material model by Tandon and Weng with a varying fiber length.
It can be seen that the fiber length influences the Young’s modulus E1 sig-
nificantly, whereas the shear moduli are almost independent. The Young’s
modulus E2 as well as the Poisson ratio ν12 react only slightly to a variation
of the fiber length. Following this only the coefficient C11 is significantly
influenced by the fiber length. A minor influence can be recognized for the
coefficient C12 as this coefficients depends also on E1. The remaining co-
efficients C22 and C66 are nearly independent (see Figure 3). Furthermore,
the distribution of the engineering constants as well as the elasticity coeffi-
cients can be approximated by a Weibull distribution, which also describes
the distribution of the fiber length itself.
The analysis based on the material model by Halpin and Tsai leads to
identical conclusions. As only E1 is formulated as a function of the fiber
length, the remaining constants are independent and only C11 is significantly
influenced by the fiber length. Again, the distribution of E1 as well as the
resulting elasticity coefficients can be approximated by a Weibull distribu-
tion.
Based on these results the following analyses of the fiber diameter influ-
ence, as well as the fiber orientation, are concentrated on E1 and C11. The
16
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Figure 2: Engineering constants due to a varying fiber length for the material model by
Tandon and Weng.
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Figure 3: Elasticity coefficients due to a varying fiber length for the material model by
Tandon and Weng.
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Figure 4: Results for the distribution of E1 and C11 with respect to a varying fiber length,
diameter, and orientation based on the material model by Tandon and Weng.
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Figure 5: Results for the distribution of E1 and C11 with respect to a varying fiber length,
diameter, and orientation based on the material model by Halpin and Tsai.
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full results of the analytic analysis for both material models regarding the
fiber diameter and fiber orientation can be found in Appendix A. In Figures
4 and 5 the results of E1 and C11 are given based on the material model
by Tandon and Weng and Halpin and Tsai, respectively. Starting from left
to right they show the results for the fiber length, fiber diameter, and fiber
orientation, respectively. It can be observed, that both material models lead
to similar results. The engineering constants as well as the elasticity coef-
ficients are significantly influenced by the fiber length and fiber orientation.
However, the fiber diameter has just little impact on the material properties.
Furthermore, the fiber orientation shows very high values for angles close to
zero. As the fiber angle increases the values are dropping rapidly. This is
indicated by a second local maximum at the lower spectrum of the values,
which corresponds to fiber orientation of 60◦ up to 90◦.
Finally Figure 6 gives the results of main material properties as a function
of the fiber volume fraction for both material models. As shown in [43]
the fiber volume fraction influences significantly the parameters E1 and C11.
Furthermore, the influence on E2 and G12 and the corresponding elements of
the elasticity tensor is still significant for both material models in the range
of 10% to 30% fiber volume fraction.
Based on the results of this analytical analysis it can be concluded that the
fiber length as well as the fiber orientation and fiber volume fraction influence
the material properties of SFRC significantly, whereas the fiber diameter
shows only a minimal influence. This corresponds to the results presented in
[44]. Furthermore, it can be observed that the distribution of the engineering
constants, as well as the elasticity coefficients, can be approximated with the
same type of probability density function as the varied parameter itself. This
also holds when assuming a plane strain state.
4. Numerical analysis
The numerical analysis covers the influence of the microstructure proper-
ties of SFRC on the mechanical behavior as well as the correlation structure
of the resulting elasticity tensor. First, the numerical procedure is presented.
This is followed by the determination of a sufficient element size for the nu-
merical model. Finally, the influence of the microstructure on the mechanical
properties is analyzed and the correlation structure of the elasticity tensor is
presented.
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Figure 6: Influence of the fiber volume fraction on the material properties of SFRC.
4.1. Generation of the microstructure
For all numerical analyses first, a microstructural model is generated rep-
resenting randomly placed fibers in a preset area. Later this microstructure
is transferred to a numerical model. The generation of the microstructure is
based on an adapted Poisson process. First, a set of two integers within the
preset area is randomly chosen. These integers represent the midpoint of the
new fiber. Next, the fiber length, fiber diameter and the fiber orientation of
this fiber are determined following their probability density functions. With
all the necessary information about the fiber, it is checked if there are any
overlaps with other fibers. Only if there are no overlaps the fiber is finally
added to the area, which is represented by a two-dimensional array with a
step size of 1 µm along both axes. In comparison with an average fiber dia-
meter of 10 µm and an average fiber length of 260 µm the grid size of 1 µm is
sufficient. The procedure is repeated until a predefined fiber volume fraction
is reached. Figure 7 shows an exemplarily generated microstructure with a
size of 2500 µm× 2500 µm. Here, a significant difference between the analyt-
ical prediction and the numerical modeling is getting obvious. In contrast to
20
1 2
3 4
Figure 7: SFRC microstructure of 2500 µm×2500 µm with a over all fiber volume fraction
of 18.2%.
the analytical description, the numerical model can consist of several fibers
with different geometrical properties. Furthermore, the fiber orientation, as
well as the fiber volume fraction, can show spatial fluctuations. Regarding
the analytical modeling all fibers are assumed to have identical geometrical
properties as well as orientations.
Below microstructures with different varying characteristics are analyzed
numerically. In comparison to the analytical modeling first besides one pa-
rameter, all remaining are set to the mean value. By doing so the influence
of a varying fiber length, fiber diameter, and fiber orientation can be inves-
tigated separately. In a further step, a microstructure is generated, that is
much larger than the analyzed window size. Extracting a smaller window
from a larger microstructure enables one, to analyze a varying fiber volume
content, as depicted in Figure 7. In a final step, a microstructure is gen-
erating where all characteristics are set with respect to their probabilistic
characteristic.
4.2. Finite Element Model
After implementing the microstructure a numerical model is generated
using Comsol. The numerical model consists of a square in plane stress state
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discretized by a structured mesh consisting of squared Lagrange elements
with quadratic shape functions. In the last step, the material properties (see
Table 1) are passed to the numerical model. This is done by first saving
the material properties in arrays that have the same structure as the array
representing the microstructure itself. As both components show isotropic
material behavior, these arrays provide the distribution of the Young’s Mod-
ulus as well as the Poisson’s ratio of the two materials over the microstruc-
ture. Finally, to each integration point the corresponding material proper-
ties are passed. This procedure is depicted in Figure 8. However, assigning
the material properties to the integration points leads to a mesh dependent
representation of the microstructure. Therefore, to ensure a sufficient rep-
resentation of the resulting material properties, the influence of the element
size is analyzed in detail in Section 4.3.
To determine the elasticity coefficients the boundary conditions are de-
fined in accordance with Eqs. (6) and (7). Usually, individual simulations
for each elasticity tensor component are performed [20, 31]. However, in [45]
it is shown that it is also possible to use just three independent load cases
to be able to calculate all nine elasticity coefficients of a two-dimensional
model individually. This is done by formulating three independent bound-
ary conditions, where always just one strain component is not equal zero.
Table 3 gives an overview of all load cases used to determine the elasticity
coefficients for pure kinematic as well as pure traction boundary conditions
in accordance with the Hill condition given by Eq. [5].
4.3. Analysis of the element size
One crucial aspect of this approach is the element size. Hence, before
the influence of the microstructure is analyzed by numerical simulations,
a sufficient element size must be determined. This is done by performing
numerical simulations based on a microstructure of 250 µm × 250 µm with
different element sizes. For each configuration, the pure displacement and
pure traction boundary conditions are applied and the elasticity coefficients
are determined based on the framework given in Appendix B.1. For statis-
tical reasons, the simulation is carried out for 500 different microstructures
[18, 46]. Table 4 provides the mean values of the elasticity coefficients first
for pure displacement and afterward for pure traction boundary conditions.
First of all the values indicate, that the symmetry of the elasticity ten-
sor is still valid. However, there is a small deviation between the elasticity
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Figure 8: Procedure to generate a numerical model representing a SFRC microstructure.
BC Load case Left edge Right edge Upper edge Lower edge
x = 0 x = d y = 0 y = d
1
u1 = 0 u1 = u0 u1 = u0x u1 = u0x
u2 = 0 u2 = 0 u2 = 0 u2 = 0
Pure
2
u1 = 0 u1 = 0 u1 = 0 u1 = 0
displ. u2 = u0y u2 = u0y u2 = u0 u2 = 0
3
u1 = 0 u1 = 0 u1 = 0 u1 = 0
u2 = 0 u2 = u0 u2 = u0x u2 = u0x
1
t1 =
t0
2
t1 = − t02 t1 = 0 t1 = 0
t2 = 0 t2 = 0 t2 = 0 t2 = 0
Pure
2
t1 = 0 t1 = 0 t1 = 0 t1 = 0
trac. t2 = 0 t2 = 0 t2 =
t0
2
t2 = − t02
3
t1 = 0 t1 = 0 t1 =
t0
2
t1 = − t02
t2 = − t02 t2 = t02 t2 = 0 t2 = 0
Table 3: Load cases for the determination of the elasticity coefficients in accordance with
the Hill condition [45].
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Element C11 C12 C21 C22 C66 ϕm
size [µm] [GPa] [GPa] [GPa] [GPa] [GPa] [−]
KUBC
16.7 12.0 1.62 1.51 4.67 1.47 0.302
10 11.7 1.56 1.49 4.36 1.35 0.303
5 11.6 1.53 1.48 4.21 1.30 0.302
2.5 11.6 1.51 1.48 4.06 1.26 0.302
SUBC
16.7 6.34 1.49 1.60 4.01 1.20 0.302
10 6.42 1.49 1.58 3.91 1.16 0.303
5 6.46 1.51 1.56 3.89 1.15 0.302
2.5 6.51 1.52 1.54 3.83 1.14 0.302
Table 4: Results of the elasticity coefficients with respect to the element size.
coefficients C12 and C21. Furthermore, the dependence on the boundary con-
ditions of the results and hence the scale dependence of C11, C22 and C66 is
clearly observable. As presented in Section 2.1 the displacement boundary
conditions lead to an upper bound whereas the traction boundary conditions
lead to a lower bound. Therefore, these results confirm Eqn. (10).
Comparing the values for the different element sizes with each other show
only minor variations for an element size of 10 µm or less. In this case the
obtained results for the elasticity coefficients of a window with a size of
250 µm × 250 µm does not depend on the element size. Therefore, for all
following simulations the element size is set to 10 µm× 10 µm.
4.4. Influence of the microstructure
4.4.1. Overall properties of the elasticity tensor
Before analyzing the influencing geometrical properties in detail the over-
all characteristics of the elasticity tensor with respect to the window size and
the boundary condition is presented. This is done based on a microstructure
where all main properties are assumed to show probabilistic behavior. This
ensures an overall realistic representation of the microstructure.
Figure 9 gives the minimal and maximal value of each elasticity coeffi-
cient for both types of boundary conditions and a window size of 250 µm,
500 µm, and 750 µm. First of all the scale dependence of the elasticity coeffi-
cients can be found as the range of the coefficients decreases with increasing
window size. In addition, the symmetry properties of the elasticity tensor
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Figure 9: Symmetry analysis of the elasticity tensor.
are observable. Not only C12 and C21 show an almost identical behavior,
but also C16 and C61 as well as C26 and C62 coincide very well. However, in
contrast to C12 the mean values of C16 and C26 are approximately zero. As
their fluctuation starts to vanish with an increasing window size the overall
assumption of transversely-isotropic material behavior holds. This is also
independent of the boundary condition. The overall transversely-isotropic
material behavior is also indicated by the elements C11 and C22. Due to the
aligned characteristic of the fibers predicted by the corresponding PDF, see
Figure 1, the value of C11 is greater than the value of C22.
Finally, the results of the elasticity coefficients show that the values for
pure kinematic boundary conditions are higher compared to pure traction
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Figure 10: Distribution of the elasticity coefficients under pure displacement boundary
conditions with respect to a 250 µm window size.
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Figure 11: Distribution of the values for the elasticity tensor element C11 with respect to
the boundary conditions and the window size.
boundary conditions, which meets the theoretical framework of the multiscale
modeling.
For taking a closer look at the distribution of the individual coefficients
Figure 10 shows the histogram of each elasticity coefficient for a window size
of 250µm and pure displacement boundary conditions based on 16.500 data
sets. Again the symmetry properties of the elasticity tensor, as well as the
anisotropic effect due to the limited window size, can be observed. How-
ever, not all coefficients can be approximated best with the same probability
distribution type. Whereas C11, C12, C22, and C66 seem to meet a Weibull dis-
tribution best, the remaining parameters are most likely normal distributed.
Observing this over an increasing window size reveals that the distribution
of the elasticity coefficients depends on the window size of the analyzed mi-
crostructure as depicted in Figure 11. In this figure the histogram of C11 is
given for both boundary condition types as well as all window sizes. The his-
togram indicates, that the distribution of C11 equals a Weibull distribution
for small window sizes whereas for an increasing window size the distribution
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starts to meet a normal distribution. This observation is independent of the
boundary condition. Therefore, it can be concluded that the distribution
of the elasticity coefficients is significantly influenced by the microstructural
properties on the mesoscale. However, when the SVE gets close to the RVE
the microstructure does not affect the distribution any longer.
4.4.2. Parameter identification
For the analysis of the geometrical parameters influencing the material
properties of SFRC on the mesoscale, first, the different parameters are ob-
served individually. Finally, all parameters are combined. For the analysis
of the fiber length, orientation, and diameter influence, the microstructure is
generated with respect to the varying parameter and the window size. The
remaining parameters are set to the mean value according to their probabilis-
tic characteristics. Considering a locally distributed fiber volume fraction a
microstructure is generated that is larger than the actual window size. By
extraction a window from a greater microstructure, the corresponding fiber
volume fraction is not constant, see Figure 7.
Again for statistical reasons, the simulations for each analysis are carried
out for 500 different microstructures [18, 46]. Furthermore, as the material
properties on the mesoscale depend on the window size the procedure is done
for a window size of 250 µm, 500 µm, and 750µm.
Figure 12 and 13 show the mean value and the standard deviation of each
elasticity coefficient with respect to the boundary conditions as well as the
window size for each analyzed configuration. The coefficients can be divided
into two groups, those who have a mean value of zero (C16, C26, C61, C62) and
the remaining coefficients. The coefficients with a mean value of zero show
a significant scattering mainly induced by a varying fiber orientation. This
is not only indicated by the standard deviation but also by the mean values
of these elasticity coefficients. This fits the analytic description of composite
materials. As long as the fibers are all aligned with the symmetry axis
C16 = C26 = C61 = C62 = 0 (41)
holds. However, when rotating the fiber orientation by a coordinate trans-
form these elements are no longer equal to zero.
The sensitivity to the orientation of the fiber can also be found for the
remaining elasticity coefficients. Here again, not only the mean values are sig-
nificantly influenced, but also the standard deviation increases significantly.
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Figure 12: Mean values of the elasticity coefficients in dependence of the geometrical
fiber properties as well as the fiber volume fraction and fiber orientation on the elasticity
coefficients.
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Figure 13: Standard deviation of the elasticity coefficients in dependence of the geometrical
fiber properties as well as the fiber volume fraction and fiber orientation on the elasticity
coefficients.
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BC C11 [GPa] C12 [GPa] C22 [GPa] C66 [GPa]
Tandon-Weng 13.0 1.59 4.18 1.31
Halpin-Tsai 12.0 1.63 4.34 1.30
250µm KUBC 11.8 1.56 4.36 1.35
250µm SUBC 6.43 1.48 3.91 1.16
500µm KUBC 10.2 1.57 4.14 1.27
500µm SUBC 7.11 1.53 3.92 1.18
750µm KUBC 9.80 1.56 4.08 1.24
750µm SUBC 7.59 1.59 3.93 1.18
Table 5: Comparison of the mean values for the engineering constants based on the ana-
lytical and numerical analysis.
Furthermore, the standard deviation of these coefficients is also sensitive to
the fiber volume fraction. Finally, there is only a slight influence of the fiber
length as well as the fiber diameter.
4.5. Comparison of the analytical and numerical results
First of all the numerical results of the reference elasticity tensor are
compared to the analytical results of the elasticity tensor based on the en-
gineering constants given in Table 2. For both analyses, the fiber geometry
equals the mean value of the fiber length and fiber diameter. The fiber mass
fraction is set to 30% and the fiber orientation is 0◦. The results of the
numerical analysis are provided in Table 5. As the coefficients C12 and C21
can be calculated individually in this case, the given value of C12 represents
the mean of C12 and C21. The comparison of the numerical and analytical
results agrees very well for the coefficients C12, C22, and C66. This is inde-
pendent of the boundary condition as well as the window size. In contrast
to this, the coefficient C11 is approximated higher by using the analytical
models of Tandon and Weng as well as Halpin and Tsai than the numeri-
cal simulations indicate. Finally, the mean values of C16, C26, C61, and C62
based on the numerical simulations are close to zero. This fits the analytical
results for fibers aligned with the symmetry axis. Therefore, the analytical
and numerical results show an overall good agreement.
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Figure 14: Moving window procedure
4.6. Correlation analysis
4.6.1. Moving window
The moving window method is used to characterize the random local
properties of composites [18, 47, 48]. In this context, a window of a mi-
crostructure is moved to different locations and marks a rectangular part of
the microstructure. The procedure is depicted in Figure 14b for a microstruc-
ture with a size of 2500 µm× 2500 µm and window sizes of 500 µm× 500 µm.
With respect to the correlation analysis, this technique can be used to ana-
lyze the local dependence of the material properties by evaluating overlapping
windows. If the windows do not overlap the correlation should be zero, as
their microstructures are independent of each other.
In this study the basis of the correlation analysis is a microstructure
of 2500 µm × 2500 µm. To analyze the scale dependence of the correlation
structure the window size is varied. Here, the maximum possible window size
regarding a microstructure edge length of 2500 µm is 833 µm. In this case, it
is possible to place three windows next to each other without any overlap.
With a maximum window size of 833µm and in accordance with the analysis
presented so far the correlation analysis is done using again window sizes
of 250 µm, 500µm, and 750µm. With respect to an average fiber length of
260µm this domain can be assigned to the mesoscale. This is also indicated
by the results of the elasticity tensor properties presented in Section 4.4.1
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which clearly show a scale dependence of the elasticity coefficients for window
sizes up to 750 µm.
To determine the correlation structure the dimensionless correlation pa-
rameter is calculated by evaluating Eq. (35) based on 33 extracted windows
at different locations from the same microstructure, see Figure 14c. Starting
from the center point of the microstructure the window is moved to the left
and right as well as to the top and bottom four times. The distance between
the equidistantly arranged center points of the extracted windows in the same
direction is a quarter of the current window size. Therefore, the outer win-
dows and the window in the center of the microstructure do not overlap. In
the same way, windows are placed along the diagonals of the microstructure.
Here, the distance between two center points is
√
2lwindow. This procedure
is repeated for a total of 500 microstructures to ensure convergence of the
dimensionless correlation parameters [18, 46].
4.6.2. Cross-correlation
In this section, the correlation structure of the elasticity tensor is analyzed
in detail. The main focus lays on the cross-correlation of the elasticity coef-
ficients with respect to the boundary condition and the window size. First,
the symmetry of the elasticity tensor is analyzed. Of particular interest are
the elements C12 and C21. Furthermore, as the varying fiber orientation leads
to the anisotropy of the material the elements C16 and C61 as well as C26 and
C62 are taken into account as well. Therefore, Figure 15 shows the results of
each simulation, where C12 is plotted against C21, C16 is plotted against C61,
and C26 is plotted against C62, respectively. The correlation between these
elasticity coefficients is clearly indicated by a strong alignment of the points.
Furthermore, the values of C16, C26, C61, and C62 fluctuate around zeros,
which leads to the conclusion that the mean value of these elements is close
to zero. This behavior is independent of the boundary condition. However,
the anisotropic effect (C16, C26, C61, C62 6= 0) starts to vanish with an increas-
ing window size. This meets the assumption of overall transversely-isotropic
material properties.
For analyzing the correlation structure of the anisotropic effect more in
detail, Figure 16 depicts the correlation structure of C16 with respect to a
window size of 250 µm. Here, the lower index gives the reference for the di-
mensionless correlation parameter and the upper index refers to the elasticity
coefficient that is calculated based on the moving window. Therefore, for ρ1116
C16 is calculated for the window extracted of the microstructure center and
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Figure 15: Symmetry analysis of the elasticity tensor.
C11 is determined for the extract of the moving window. Furthermore, |ξ|
gives the distance between the moving window and the center point of the
microstructre.
The following essential characteristics can be derived. First, the corre-
lation structure with respect to C16 is independent of the boundary condi-
tion. Second, the symmetry properties of the elasticity tensor can also be
found within the correlation structure as ρ1616 is almost identical to ρ
61
16. The
same holds for ρ2616 and ρ
62
16. Finally, there are only cross-correlations between
the elements C16 and C61 due to the symmetry as well as between C16 and
C26 and C16 and C62, respectively. All other elements are uncorrelated to
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Figure 16: Correlation analysis of the elasticity tensor based on the element C16 for a
window size of 250 µm.
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Figure 17: Comparison of ρ2616 and ρ
16
26.
C16. As indicated by Figure 17, that shows the dimensionless correlation
parameter between C16 and C26 for all three window sizes as well as both
boundary conditions, these conclusions are also independent of the window
size. Furthermore, the dimensionless correlation parameter is calculated in
two different ways. First, the reference is C16 and C26 is calculated for the
moving window. Subsequently, the values are exchanged, which means that
the reference is C26 and C16 is calculated for the moving window. Based on
the identical correlations for both variants,
ρ2616 = ρ
16
26 (42)
holds under the condition, that a sufficient number of realizations is taken
as a basis. This leads to the conclusion that the correlation structure shows
the same symmetry properties as the elasticity tensor and therefore,
ρba = ρ
a
b (43)
can be assumed. Hence, the remaining number of independent correlation
parameters can be reduced to
ρ1211, ρ
22
11, ρ
66
11, ρ
22
12, ρ
66
12, ρ
66
22. (44)
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Figure 18: Dimensionless correlation parameters that are independent of the window size.
These conclusions are also valid for the correlation structure based on a plane
strain state as shown in Figures B.26 and B.27.
The results of the cross-correlation for the remaining elasticity coefficients
are presented in Figures 18 and 19. Here, the dimensionless correlation pa-
rameter is again divided into two groups. For one the correlation is indepen-
dent of the window size (Figure 18). The other group shows a decreasing
correlation for an increasing window size, which is indicated by a decreasing
value for |ξ| = 0. The overall shape of the correlation is not necessarily
affected. One example is ρ6611. If the correlation depends on the window size,
it is only relevant as long as the structure is represented by a SVE. In the
case of a RVE the correlation vanishes.
These results also meet the theoretical framework as there is a clear con-
nection between C11 and C12 via the Poisson ration ν12. However, the two
elasticity coefficient C11 and C66 are independent on the macroscale.
The same correlation structure can be also derived on the basis of a
plane strain assumption, see Figures B.28 and B.29. However, the correlation
functions can not be approximated by the same function. Therefore, when
using second-order random fields for numerical simulations of components
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Figure 19: Dimensionless correlation parameters that depend on the window size.
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the correlation functions must be determined with respect to the overall load
assumption.
5. Conclusion
In the presented work first, an analytical analysis is performed. Based
on the material models by Tandon and Weng as well as Halpin and Tsai the
influence of the different geometrical properties like fiber length, fiber diam-
eter, fiber orientation, and fiber volume fraction on the material properties is
investigated. The results show that the Young’s Modulus E1 is the most af-
fected material property by the geometrical properties. This is supported by
the material model of Halpin and Tsai, where only E1 is modeled as a func-
tion of the fiber length and fiber diameter. The main influencing parameters
of E1 are the fiber length, fiber orientation, and fiber volume fraction. The
remaining engineering constants are only slightly affected by the geometrical
fiber properties. However, the fiber orientation, as well as the fiber volume
fraction, also have a significant effect on these constants. This can also be
found when analyzing the elasticity coefficients. Furthermore, the distribu-
tion of the resulting elasticity tensor, as well as the elasticity coefficients, can
be approximated by the same function as the probability density function of
the influencing parameter itself.
In the next step, this analysis is repeated on a numerical basis. How-
ever, there is one important difference between the numerical and analytical
analyses. The numerical model consists of several fibers of different length,
diameter, and orientation. In contrast to that the analytical analysis is based
on the assumption that all fibers have the same length, diameter, and ori-
entation. Furthermore, by evaluating the numerical model each element of
the elasticity tensor can be calculated individually. Therefore, the symmetry
of this tensor is not presupposed, but the numerical results clearly confirm
the symmetry of the resulting elasticity tensor. Furthermore, the overall
transversely-isotropic material properties are affirmed by the numerical sim-
ulations as the mean of the elasticity coefficients C16 and C26 equals zero and
the standard deviation decreases with increasing window size.
Summarizing the numerical simulations show a good agreement with the
results of the analytical investigation. The material properties of the mi-
crostructure is influenced significantly by the fiber orientation and the fiber
volume fraction. Furthermore, on the mesoscale, the distribution of the elas-
ticity coefficients can be approximated with the same probability distribution
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as the influencing parameter itself. However, with increasing window size,
the distribution starts to shift to a normal distribution.
Regarding the numerical correlation analysis, the symmetry of elasticity
tensor can also be found within the correlation structure of the elasticity
coefficients. In addition, the dimensionless correlation parameters can be
divided into two independent groups. The first group gives the correlation
between the non zero elasticity coefficients of transversely-isotropic material
behavior. The second group comprises only a correlation of C16 and C26.
It can be concluded, that the correlation structure of the elasticity tensor
for SFRC can be approximated by numerical simulations on the mesoscale
and the results are independent of the chosen boundary conditions. However,
the results depend not only on the window size but also on the overall assump-
tion of a plane stress and a plane strain state in case of a two-dimensional
model, respectively.
Appendix A. Analytical results
Below the remaining results of the analytical analysis are shown. This
includes the influence of the fiber diameter and fiber orientation on the engi-
neering constants as well as the elasticity coefficients based on the material
model by Tandon and Weng. Furthermore, the results based on the material
model by Halpin and Tsai are given. This covers the Young’s Modulus E1
as well as the elasticity coefficients, both in dependence of the fiber length,
diameter and fiber orientation.
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Figure A.20: Engineering constants due to a varying fiber diameter calculated with the
Tandon-Weng material model.
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Figure A.21: Elasticity coefficients due to a varying fiber diameter calculated with the
Tandon-Weng material model.
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Figure A.22: Engineering constants due to a varying fiber orientation calculated with the
Tandon-Weng material model.
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Figure A.23: Elasticity coefficients due to a varying fiber orientation calculated with the
Tandon-Weng material model.
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Figure A.24: Engineering constants due to a varying fiber orientation calculated with the
Halpin-Tsai material model.
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Figure A.25: Elasticity coefficients due to a varying fiber orientation calculated with the
Halpin-Tsai material model.
43
Appendix B. Numerical analysis
Appendix B.1. Determination of the elasticity tensor elements
To calculate the elasticity coefficients a system of equations can be for-
mulated based on the three independent load cases. Hooke’s law for a finite
volume element reads
〈σ〉 = Ceff : 〈〉. (2)
Reducing this formulation to the 2D case and using Voigt notation leads to〈σ1〉〈σ2〉
〈σ6〉
 =
Ceff11 Ceff12 Ceff16Ceff21 Ceff22 Ceff26
Ceff61 C
eff
62 C
eff
66
 〈1〉〈2〉
2〈6〉
 . (B.1)
Each stress component can be written in an individual equation
[〈σ1〉] = [Ceff11 Ceff12 Ceff16 ]
 〈1〉〈2〉
2〈6〉
 (B.2)
which can be rearranged to
[〈σ1〉] = [〈1〉 〈2〉 2〈6〉]
Ceff11Ceff12
Ceff16
 . (B.3)
Now the individual load cases can be summarized in this system of equations〈σLC11 〉〈σLC21 〉
〈σLC31 〉
 =
〈LC11 〉 〈LC12 〉 2〈LC16 〉〈LC21 〉 〈LC22 〉 2〈LC26 〉
〈LC31 〉 〈LC32 〉 2〈LC36 〉
Ceff11Ceff12
Ceff16
 (B.4)
which can be solved byCeff11Ceff12
Ceff16
 =
〈LC11 〉 〈LC12 〉 2〈LC16 〉〈LC21 〉 〈LC22 〉 2〈LC26 〉
〈LC31 〉 〈LC32 〉 2〈LC36 〉
−1 〈σLC11 〉〈σLC21 〉
〈σLC31 〉
 . (B.5)
Expanding this procedure to the remaining stress components 〈σ2〉 and 〈σ6〉
the elasticity coefficients can be derived fromCeffn1Ceffn2
Ceffn6
 =
〈LC11 〉 〈LC12 〉 2〈LC16 〉〈LC21 〉 〈LC22 〉 2〈LC26 〉
〈LC31 〉 〈LC32 〉 2〈LC36 〉
−1 〈σLC1n 〉〈σLC2n 〉
〈σLC3n 〉
 (B.6)
with n = 1, 2, 6.
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Appendix B.2. Results based on a plane strain assumption
The following figures show the results for the correlation analysis assum-
ing a plane strain state.
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Figure B.26: Comparison of the dimensionless correlation parameters based on C16 as-
suming plane strain and plane stress states for a window size of 250 µm at x = 1250µm.
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Figure B.27: Comparison of ρ2616 and ρ
16
26 assuming plane strain and plane stress states at
x = 1250µm.
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Figure B.28: Comparison of the dimensionless correlation parameters that are independent
of the window size assuming plane strain and plane stress states at x = 1250µm.
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Figure B.29: Comparison of the dimensionless correlation parameters that depend on the
window size assuming plane strain and plane stress states at x = 1250µm.
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